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THE WEINSTEIN CONJECTURE IN PRODUCT OF SYMPLECTIC 

MANIFOLDS 
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Abstract. In this paper, using pseudo-holomorphic curve method, one proves 
the Weinstein conjecture in the product Pi x P 2 of two strongly geometrically 
bounded symplectic manifolds under some conditions with Pi. In particular, if 
A is a closed manifold or a noncompact manifold of finite topological type, our 
result implies that the Weinstein conjecture in CP^ x T'N holds. 
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1. Introduction 

Let M be a symplectic manifold with symplectic form co. A hypersurface S c 
M is said to be of contact type if there exists a vector field X defined on some 
neighborhood U of S such that (/) X is transversal to S and (//) Lxa> = co- 

For any hypersurface S in symplectic manifold M, there exists a 1-dimensional 
characteristic line bundle TS defined by: 

- {(T, € T,S I Ti) - 0, V?7 £ T,S ). 

Lef ^ be a section of the characteristic line bundle. The Weinstein conjecture claims 
that if S is a compact hypersurface of contact type, then S carries at least one closed 
orbit of see [21]. 

In 1987, C. Viterbo [19] proved the Weinstein conjecture for (R.^",(Uo) with 
the standard symplectic form ojq. Later H. Hofer and C. Viterbo [9] showed the 
Weinstein conjecture was true for {T*M, -dX), where A was the Liouville form on 
the cotangent bundle T*M of a compact manifold M. A. Floer, H. Hofer and C. 
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Viterbo [5] proved the stabilized Weinstein conjecture for (PxC^, a;©a»o) under the 
assumption [tu] = 0 on 7T2{P). In 1992, H. Hofer and C. Viterbo [10] introduced the 
pseudo-holomorphic curve method into the study of the Weinstein conjecture for 
some cases where the holomorphic spheres appeared. They proved the Weinstein 
conjecture in CP”, x P, if P was a compact symplectic manifold with some 
conditions. Lu [15] extended the results of H. Hofer and C. Viterbo to the strongly 
geometrically bounded (SGB) symplectic manifolds. He showed the Weinstein 
conjecture holds in 5 ^ x T*N, if N was a closed manifold or a noncompact manifold 
of finite topological type. G. Liu and G. Tian completely proved the stabilized 
version Weinstein conjecture in [12]. 

Since the product of regular almost complex structures is not regular in general 
(see [14]), the method of [10] can not be applied directly to any product manifolds. 
Making use of the regularity criterion in [17], we proved that there exists a regular 
almost complex structure, which is the product of regular almost complex struc¬ 
tures, on the product of some 4-dimensional manifolds and symplectic manifolds. 
So this makes it possible to use the method of [10] to study the Weinstein conjec¬ 
ture for the product manifolds. In this paper, one proves the Weinstein conjecture 
in the product Pi x P 2 of two SGB symplectic manifolds under some conditions 
with Bi. In particular, if V is a compact manifold or a noncompact manifold of fi¬ 
nite topological type, our result implies that the Weinstein conjecture in CP^ x T*N 
holds. 

Next, we will introduce some notations and our result. Let (V, oj) be a symplectic 
manifold. Let ^{V, oj) be the space of all smooth almost complex structures which 
are compatible with oj on (V, co). The subset of regular almost complex structures 
(see Definition 2.1) in ^{V, oj) is denoted by ^regiV^ w)- For J ^ ’^(V, oj), define 
m{V, ca, J) in (0, - 1 - 00 ] by 

m - inf((m, [m])|u is a nonconsfanf 7-holomorphic sphere), 

where (tu, [n]) = f ^2 which depends only on fhe free homofopy class [n] of u. 
Define m(V, cS) e [0, - 1 - 00 ] by 

m{y, <jj) = inf((a>, a)| a £ [S^, V], {oj, a) > 0], 

where [5^, V] sfands for fhe free homofopy classes. A homofopy class a is said 
fo be faj-minimal if m{V, oS) - {oj, a) and {oj, a) > 0. Lef a be an m-minimal 
homofopy class such fhaf fhere exisfs a 7 £ oj) safisfies m{V, oj, J) - {oj, a). 
Define JiP{a, J, Zq, Zoo) to be the set of all u £ C°°{S^, V) such that 

(1) [u] = a, «(*) £ Z*, *£(0, 00 }, j u*oj --{oj,a), dju - 0 

7|z|<i 2 

where Zq, Zoo are two disjoint smooth submanifolds of V and closed as subsets. We 
also assume that one of Zq and Zoo is compact. 

Under certain conditions, there are almost complex structures (7), which are as 
close as we want to 7 with respect to C^topology, such that J^{a, J, Zq, Zoo) is a 
smooth compact free sFmanifold. Such a 7 is called a regular almost complex 
structure at the situation (a, Zo,Zoo). Moreover, for any given regular 7i and J 2 
which are close to 7 the compact smooth S ^manifolds M’\ and M 2 belong to the 
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same free 5 *-cobordism class. d{a, J, 1 , 0 , 1 , 00 ) ■= /, Xo,Xoo)], where / is 

in a sufficiently small neighborhood of J. The definition of d{a, J,lo,loo) is not 
depend on the choice of J. 

The following is our main result of this paper. 

Theorem 1.1. Let (Pi, tui), (P 2 , C 02 ) be two SGB symplectic manifolds with dimP\ = 
4. a\ G [5^,Pi] is an a>\-minimal free homotopy class which can be represented 
by an embedded J\ -holomorphic sphere such that 

0 < (a>i,ai) < m{P2,aj2), 

where J\ G ^„g(Pi, a»i). Eq, are two disjoint nonempty compact submanifolds 
of P[. Eq is a nonempty compact submanifold of P 2 - Let Eq = Eq X E^, Eoo - 
E^ X P 2 . Suppose that there is a smooth Hamiltonian // : Pi X P 2 ^ K. such that 

^k(Zo) = bo,H\^(j,^) = hoc, ho < hoc and ho H /!«,. 

Where the open neighborhoods (Eq) and (Eoo) ore disjoint and such that 

(2) K := (Pi X P2) \ ('^(Eo) U (Eoo)) is compact. 

Then i/r/(ai, 7i,Eg,E^) [0], the Hamiltonian system x = Xh{x) possesses a 

nonconstant T-periodic solution x = x{t) with 

0 < TQioo - ho) < {u}i,a\),ho < H{x{t)) < /too- 

As in [10], it is easy to prove the Weinstein conjecture in Pi x P 2 from Theorem 

1 . 1 . 

Corollary 1.2. Let {Pi xP 2 ,mi ©m 2 ), ai G [S^,Pi], Ji G ,^reg{P\,m), E^, 

E(), Eoo satisfy the hypothesis of Theorem 1.1. Then any stable compact smooth 
hypersurface in {P\ X P 2 ,mi © m 2 ) separating lofrom Eoo possesses at least 
one periodic Hamiltonian trajectory. 

Corollary 1.3. Let u : S'^ - Qu joo) CP^ be a holomorphic embedding and 
|T},{y) two different points in the image ofu. Suppose N is a closed manifold or a 
manifold of finite topological type. Define Eq = jpol. Po ^ {-’c} T*N, Eoo = {y} X 
T*N. Then any stable compact smooth hypersurface SP in CP^ X T*N separating 
lofrom Eoo possesses at least one periodic Hamiltonian trajectory. 

2. Product of Regular Almost Complex Structures 

Let {V, m) be a symplectic manifold and J G ,^(1^, m). For a smooth map 
u : —r V, the space of smooth vector fields f{z) G Tu(z)V along u will be 

denoted by Ll^{S^,u*TV) and the space of smooth 7-antilinear 1-forms on 
with values in u*TV by Q.^’^{S^,u*TV). Then the vertical differential of dj{u), 
Du : 0^(5^, u*TV) u*TV), have the following expression: 

(3) = i(V^ + 7(u)V^ o 0 - ^J{u){V^J){u)dj{u), df G Q°(s2, u*TV) 

where dj{u) := ^{du - J o du o i) and V denotes the Levi-Civita connection of the 
metric m(-, /•)■ 
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A 7-homomorphic sphere u : ^ V is said to be multiply covered if there 

exists a 7-holomorphic sphere u' : ^ V, and a holomorphic branched covering 

(p : ^ such that 

u = u o (f), deg{(f>) > 1. 

The curve u is called simple if it is not multiply covered. 

Definition 2.1. An almost complex structure J on V is called regular at the situ¬ 
ation (a, So^2ioo), if for every u € V) which satisfies condition (1) D„ is 

onto. In particular for a regular J the set J, Xq, Xoo) is a smooth -manifold. 

Remark: By elliptic regularity theory every u € which satisfies 

condition (1) is smooth. 

There is a regularity criterion in [17] which is very important for us. 

Lemma 2.2 (Lemma 3.3.2 in [17]). Let E be a complex vector bundle of 

ranknand 

D : ^ 

be a real linear Cauchy-Riemann operator. Suppose that there exists a splitting 
E = Li ® ® Ln into complex line bundles such that each subbundle Li © • • • © 

k - ...,n, is invariant under D. Then D is surjective if and only if cifLf) ^ —1 

for every k. 

Remark: Q.^{S^,E) denotes the space of all smooth vector fields ^(z) € E^. 
Q^’^{S^,E) denotes fhe space of smoofh /-anfilinear 1-forms on 5^ wifh values 
in E. Lef nk ■ E ^ denote fhe projecfion onto fhe ^fh summand. Then fhe 
subbundle Li © ■ ■ • © is invarianf under D means fhaf if i > k, = 0,V^y e 

Lj), j = 1,..., k. Here and fhroughouf fhis secfion we identify fhe firsf Chern 
class ci(L) of L wifh fhe corresponding Chern number (ci(L), [5^]). 

Remark: The operafor D„ is obviously a real linear Cauchy-Riemann operator. 
Using Lemma 2.2, we can give a sufficienf condition which guaranfees a producf 
regular almosf complex sfrucfure is sfill regular. Firsf, we will infroduce some 
nofafions. The number of all self-inferseclions of a curve u will be denofed by 

5{u) := ^#((zo,zi) e I X l.\zo t zi,u{zo) ^ m(zi)}. 

We denote by ci(A) = {c\{TM),A) for A e H 2 {M\Z), where c\{TM) is fhe firsf 
Chern class of TM, by Aq • A\ fhe intersection number of fwo classes Aq and Ai, 
and by fhe Euler characferisfic of a closed Riemann surface E. 

Lemma 2.3 (adjunction inequality in [17]). Let {M,J) be an almost complex 4- 
manifold and A e // 2 (M;Z) be a homology class that is represented by a simple 
J-holomorphic curve u : 1, ^ M. Then 

2S{u)-x{^)<A-A-cfA). 

with equality if and only ifu is an immersion with only transverse self-intersections 
(i.e. if zq T- zi and u{zo) = m(zi) a, then T^M = imdu{zo) ® inidu{z\)). 

For fhe 4-manifolds, we have fhe following Proposifion. 
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Proposition 2 . 4 . Let (Pi ,oj\)bea symplectic 4-manifold and (P2,6J2) symplectic 
manifold. Assume a\ € [5^,Pi] is an coi-minimalfree homotopy class which can 
be represented by an embedded J\ -holomorphic sphere u such that 

0 < (coi,ai) m(P2,a>2)- 

are two disjoint nonempty compact submanifolds of P\. Eg is a nonempty 
compact submanifold o/P2- Let Eq - X '^00 = X P2 and a e [ 5 ^, V : z 1—> 
(ai(z),po)]. where po € Eg. If Ji is regular at the situation (ai,EQ,E^) in Pi and 
J 2 e .^(P 2 , W 2 ), then the product almost complex structure J - Ji x J 2 is regular 
at the situation (a, Eq, Eoo) in Pi X P2. 

Proof First it is easy to see every 7i-holomorphic sphere u which represents ai 
is simple. In fact, if u is multiply covered there exists a 7i-holomorphic sphere 
u' : ^ Pi, and a holomorphic branched covering f ^ such that 

u = u o f, deg{(p) = k> \. 

Evidently (mi, [«']) = ^(mi,ai) since a\ - [«]. Hence 

(mi,ai> < m(Pi,mi,7i) < 7(mi,Q;i), 

k 

giving a contradiction to our assumption that ai is mi-minimal. Assume u rep¬ 
resents the homology class A e //^(Pi;Z), i.e. = A. Then all the J\- 

holomorphic spheres represent ai will represent A. 

Since A € H'^{P\\'Z) is represented by an embedded 7i-holomorphic sphere u 
which is also simple, by the adjunction inequality we can get 

-2 = A-A-ci(A). 

For every simple 7i-holomoiphic sphere v : ^ Pi which represents A, we have 

2d(v)-2<A-A-ci(A), 

25{v) < 0, 

5{y) = 0. 

The equality of the adjunction inequality holds for v. Thus every simple J\- 
holomorphic sphere v which represents A is an embedded curve. We can get every 
7i-holomorphic sphere represents ai is an embedded curve. 

Assume u € Pi x P 2 ) and u satisfies 

[u] - a, m(*) e E*, *£{0,oo}, j u*a> =-(a),a), d/u = 0, 

JlzKi 2 

where m = mi © m 2 . The 7-holomorphic a sphere has the form u(z) - (u(z),po), 
where u e LI^’^(S^,Pi) and satisfies 

[u] = ai, u{*)€'LI, *€{0, 00 }, r M*mi = 7 (mi,ai), dj^u = 0. 

Jkl<i 2 
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We have the splitting 

u*T{Pi X P 2 ) = u*TPi © (5^ X Tp^P2) 

= uTPi ©L2 © ... ©L„+i. 

It follows from the definition of D„ (3) that 

Du{du o ^) = duo dj( 

for every vector field ^ € VecfCS'^). For fhe embedded curve u, fhe complex sub¬ 
bundle 

L() := im{du) c u*TP\ 

is invarianf under D„. Now lef Li c u*TP\ be fhe orfhogonal complemenf of Lq 
wifh respecf fo any Hermifian inner producf of u*TP\. Then by Lemma 2.2 

u*TP\ = Lq © Lj, ci(Lo) ^—1, ci(Li)^—1, 

because J\ is regular af fhe sifuafion in Pi. In fhe producf manifold 

(Pi X P 2 , (JL>\ © fa; 2 ), J\-) + a> 2 (', J 2 -) defines a producf mefric on Pi x P 2 . Lef 

V be fhe Levi-Civifa connecfion on Pi x P 2 and V' fhe Levi-Civifa connection on 
Pi, i = 1,2, respectively. By fhe relation befween V and V', i = 1,2, we know in 
fhe producf manifold Pi x P 2 

Du^j = Du^j, £ a\S 2 , Lj), 7 = 0, 1. 

Thus fhe subbundles Lq, Lq © Li, are invarianf under foo. In fhe frivial bundle 
X Tp^Pi, each subbundle L2 © ... © Pi+j, j = L is obviously invarianf 
under D^. c\{Lj) > -1, j = 2, ...,n + 1. By Lemma 2.2 again, we know Du is 
surjective. □ 

Remark: From fhe argumenfs of Lemma 3.3.3, Corollary 3.3.4 and Corollary 
3.3.5 in [17], we can gel fhe above Proposition easily. 

3. Holomorphic Spheres 

Lef us recall fhe definition of geomelrically bounded manifold (cf.[2], [7], [15]). 

Definition 3.1. Let (M, oj ) be a symplectic manifold without boundary, we will call 
it geometrically bounded if there exists an almost complex structure J and a com¬ 
plete Riemannian metric g on M such that the following properties are satisfied: 

1. J is uniformly tamed by oj; that is, there exist strictly positive constants a and f3 
such that 

co(X, JX) ^ a II X \\l and \oj{X, F)| < /? || X ||g|| Y ||g 
for all X,Y € TM; 

2. the sectional curvature Kg < C(a positive constant) and the injectivity radius 
m,g)>o. 

Definition 3.2 (Definition 2.4 in [15]). In Definition 3.1 if we require J £ ,^{M,oj), 
then the symplectic manifold {M, oj) is called strongly geometrically bounded (SGB). 
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It is well known that the closed symplectic manifolds are SGB and a product of 
two SGB symplectic manifolds is SGB. It is easy to prove the symplectic manifolds 
which at infinity are isomorphic to the symplectization of a closed contact manifold 
are SGB (cf.[4]). The standard cotangent bundles as well as the twisted cotangent 
bundles over closed manifolds are SGB (cf. [4], [15]). 

Let Ji, gi), {P2, (i>2, Ji, gi) be two SGB symplectic manifolds such that 

dimPi = A. V = P\ X P2, OJ = (jj\ ® a>2, J = JiX J2, g = g\® g2- Then {V, to, J,g) 
is a SGB symplectic manifold. Assume m(y, uo, J) < 00 , and let a e L : z i-> 
(q'i(z), po)]^ Po ^ be a free homotopy class which is defined in Proposition 2.4 
such that 

(4) (to, a) = m(y, to, J). 

From the definition of m{V, to, J), we can get that a 7-holomorphic sphere which 
represents a is simple. 

Consider the Banach manifold ^ consisting of all maps u e V) such 

that with D - {z||z| < 1) 

[u\=a, «(*) € E*, * € [0, 00 }, j u*(o =-(co,a}, 

Jd 2 

where Eo,Eoo are two disjoint smooth submanifolds without boundary of V and 
closed as subsets in V. We also assume that one of Eq and Eoo is compact. Denote 
by Ay —> X V the vector bundle whose fiber over (z,v) € x V consists of 
all linear maps 0 : —> TyV such that J{v)(f> - -tp o i. Given u : ^ 

V we denote by ii : x V the ’’graph map” m(z) = (z, m(z)) and write 

u*Xj —> for the pull back bundle. Let S be the Banach bundle S ^ PS whose 

fiber at u € V) consists of all sections of u*Xj 

S^. The nonlinear Cauchy Riemann operator dj, dju = du + J o du o i, can be 
considered as a smooth section of (f PS, and its zero set is M’{a, J, Eq, Eoo). 
By elliptic regularity theory every u € PS with dju = 0 is smooth. H.Hofer and 
C.Viterbo proved some propositions-Propositions 2.3, 2.4 and 2.7 in [10]- for the 
compact manifold V which guaranteed the d-index was well defined and made 
the existence of closed orbit possible. Lu proved a prior compactness property 
(Proposition 2.5 in [15]) for the SGB symplectic manifold. Utilizing the prior 
compactness and the assumption (2), Lu [15] showed the Propositions 2.3 and 2.4 
in [10] also held true for the case of SGB symplectic manifold if the neighborhood 
[/J and J^reg{V,to) n Uy of 7 in these Propositions were replaced by ^{J,d,frg) 
and ,!^regiV,a)) fi ^{J,6,frQ). The definition of ^{J,6,fro) is given in [15]. In 
the following, ‘^{J,5,fr^) is abbreviated to . So the d-index (7(a,/, Eq, Eoo) := 
[M’ia, J, Eo, Eoo)] is well defined in the SGB symplectic manifold. 

Proposition 3.3. Let {V, co) be a SGB symplectic manifold, J e ^(V, co), m{V, co, J) = 
{co, a), Let Eq, Eoo be described above, then there exists an open neighborhood 
of J such that 

(1) For all J e ,^reg(V, 00 ) n fS, the set JPP{a, J, Eq, Eoo) is a compact smooth S 
manifold. 

(2) ,^reg{V, to) is dense in . 
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(3) Let 7q, and J[ be close to J in ^, and Jq, J[ e -^regLV, Suppose A ^ J'^ 
is a smooth homotopy with A £ [0,1] and Then there exists a smooth 

arbitrarily small perturbation of [A —> 7^] with the end points fixed, say [7 —> Jx\, 
such that 

Jf := {(i, u) £ [0,1] X Sd\dj^u = 0} 
is a compact S ' -manifold with boundary 

dJf = M’ia, 7', lo, 2 : 00 ) U M’ia, J[, Iq, 

Let // : L —> 1 . be a smooth map and gjf, ■) = a>(-, J-) the Riemannian met¬ 
ric. We denote hy VH the gradient of H with respect to the metric gj. For suit¬ 
able neighborhoods '^(Sq),‘^(S oo) of So,Xoo respectively, suppose 
^I'g'CSoo) = ^ 00 , ho < hoa and /iq < < /too- Consider the subset 

W - [(S 2 \{ 0 , «d}) X F] U [{ 0 } X ^(So)] U [{cxd} X '^(Soo)]. 

We define a section h of Xj\w associated to H by 

h:W^Xj, h{z,v) =: f. 

Where f is the unique complex antilinear map —> T^A/ satisfying the follow¬ 

ing: 

1. If z = 0 or 00 , 0 is the zero map, 

2. If z 7^ 0 and 00 , f maps the tangent vector z G = C to ^V//(v). Here 
we took the identity chart 5 ^ D C C to distinguish in T^S ^ for z G C the tangent 
vector z- 

If M £ then the associated graph map u, u{z) = (z, u{z)) maps z ^ into 
W <z xV. Consequently we can define h(u) e S’ hy 

h{u){z) - h(z, u(z)). 

Now we define a parameter depending family of smooth section of —> ^by 

fA{u) - dju-t- Ah{u). 

Clearly, is 5' -equivalent for every A and /j is a Fredholm section in the sense 
that at every zero u of f^ the linearisation Df^ : Ti,S^ —> is Fredholm. Consider 
the set 

^ = {(d, u) £ [0, - 1 - 00 ) X SS\fA{u) = 0}. 

By elliptic regularity theory, 'S' c [0,- 1 - 00 ) x V). let Sa - {u\{A,u) £ S}. 

Then Sq is a compact smooth manifold with a free smooth S * -action, and So = 
Jif{a,J,l,o,T,oo)- Lu [15] showed that if the manifold V is SGB, the Proposition 
2.7 in [10] was also true. 

Proposition 3.4 (PROPOSITION 3.1 in [15]). Let a £ [S^, F], Xq, ^ioo, 7 and H be 
as above, and let S be compact. Then 

d{a,J,Xo,'Lco) = [ 0 ], 

i.e. 7, Xq, Xoo) is the boundary of a smooth compact manifold ./ST equipped 

with a free S ^-action, so that the action on coincides with the action on JS. 

As in [10] and [15], we have the following Proposition: 
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Proposition 3.5. Let {V,oj) be a SGB symplectic manifold. Sq.^oo are described 
above. J ^ J^{V, co) such that m{V, co, J) ^ {co, a), where a € [S^, V]. Let S ^ ^ 
be the Hilbert space bundle defined above. Let H \ V ^ "Kbe a smooth map such 
that 

^k(Eo) = = hoc, ho < hoc and ho ^ H ^ hoo. 

Let ^ be defined above. Then 

(1) If {A, u) € then A € [0, /loo],/loo = (/loo - hoT^{u), a); 

(2) For every multi index fi there is a constant Cp> Q such that for every (A, u) € 

V = u o (p, here 0 : 5 * X R. —> C, <p{t, s) = 


\{[fv){x)\ < C/j, Vx e S' X R 


(3) There exists e > 0 such that for every {A, u) we have: ifv{sXS^) <t f/ (Sq) 
then 



V Ui — 



H{v{s){t))dt ^ E - Aho. 


lfv{s){S^)(J:fA{T.oo)then 




H{v{s){t))dt < {cjj, a) - e - Ahoo. 


Sketch of the proof. From Theorem 2.9 in [15], we obtain that is con¬ 

tained in a compact subset of V. Following almost the same arguments of Theorem 
3.4 in [10], we can see that the proposition is also true. □ 


4. Proof of Main Theorem 

The 7-holomorphic sphere method always requires the regular almost complex 
structure. In order to get the relation between the r/-index of Pi x P 2 with the d- 
index of P,, i e (1,2[, we need a regular almost complex structure J - J\X J2, 
where 7,- e ^reg{Pi, op), i £ {1,2[. However, the product of regular almost complex 
structures is not regular in general. Thus Proposition 2.4 is necessary for our case. 
Now we can prove Theorem 1.1. 

Proof of Theorem 1.1. Let a e [5^, Pi x P 2 ] be of the form [5^ —> Pi x P 2 : 
z i-> (q'i(z),Po)], where po e Sq is a fixed point and ai e [5^, Pi] is defined in 
the hypothesis of Theorem 1.1. On Pi x P 2 we take the product almost complex 
structure J = J\X J 2 , where Ji e ^reg{Pi,aJi), J 2 £ ^reg(P 2 , <^ 2 )- Then 

<mi 0 0 ) 2 , a) = m{P\ x P 2 , o)i 0 0 ) 2 , J) 

^ m(Pi,a»i,7i) ^ <mi,ai> < ni{P2,o)2). 

By Proposition 2.4, 7 is regular at the situation (a, Sq, Soo). From7(ai, 7i, Xq, t 
[0] and m(Pi x P 2 , a>i © 0 ) 2 , 7) < m(P 2 , m 2 ), we have d{a, 7, Eq, '^ 00 ) t [0]. 

In the following, we use the idea of [10] to prove Theorem 1.1. From Proposition 
3.4, we can get is noncompact. We can assume {{Ag, Uk )] c ^ such that 

Ak A, ((/t^., Uk)} has no convergent subsequence. 
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For every (/I, u) e We define v = n o 0, where 0 : 5 ^ x R. —> C, 0(f, s) - e2?r(i+(f) 
Define a : R. ^ 1. as follows, a{s) “ Jo ^H{v{s,t))dt, where 

o) = toi® 0 ) 2 - From Proposition 3.5, we have 


- A{hoo - h) 



a {s)ds 



where so{v) = sup{ 5 |v((-oo, s] x S <z ^ (E)}. The last inequality is proved by the 
Lemma 3.1 in [10], which is also true here. 

If (T, u) € then 


0 < T < (/joo - /Jo) - e) 

=: (/loo - ho)~^{oJi,ai) - E 
— Too E . 


We define two sequences of numbers by 

S° = SUp{5|v^:((-00, S]XS^)C^ (lo)), 

5 “ = inf{5|v^([5, + 00 ) X 5 c (Soo)}. 


Note that denotes the map induced by uj^ on the cylinder. Clearly < 5 “. 

Now we will show s^-s^ —> 00 . Arguing indirectly we may assume after taking 
a subsequence that for some constant b > 0 

Let Ukiz) - UkiskZ), Sk > 0. Replacing Uk by Uk, we may assume that for some 
positive constant c > 0, 

(5) - c < 5° < 5“ < c, 

where 5^, 5“ are the sequences associated to Uk- From (5) and the previous discus¬ 
sion, it follows immediately that {uk} has a convergent subsequence in Pi x 

P 2 ), say Uk —> u, where u satisfies 

d ju+Ah{u) = 0 
[m] = a 

( 6 ) 

uiO) e lo 

u{oo) G Eoo. 


In fact, since (5) holds, the nonlinearity u —> h(u) is well behaved and one can use 
Bubble off analysis to obtain the solution u of (6). 


-{coi ®CL> 2 ,a) ^ -{cL>i,ai) ^ 



u\cjj. 
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where co = coi ^ 0 ) 2 - If —> 0 or + 00 , since nfcu —> u*aj in we have 


^{coi,ai) = 0, or ^<wi, ai) = (a>i, ai). 

This contradiction shows that Sk e (a, for all k for some suitable a > 0 indepen¬ 
dent of k. Hence, from the definition of Uk and the fact that —> n it follows that 
{m^} is convergent itself. However, this contradicts our assumption on {{Ak,Uk)}- 
Therefore we know that 


s°° - 5 ° 


- 1 - 00 . 


We have 




Ak^H{vk)rdtds < {<jj\,a\) - Is - Ak{h 00 ho). 


Hence, we can find a sequence 

^ r 0 CXDn 
Sk € [Sj^, S^ ], 

such fhaf wifh Xk Vk{sk, •) 

II -d{^k)Xk - AkVH{Xk) IIl2(a:*T(P|XP2))^ 

Evenfually faking a subsequence we may assume 


(V) 


Xk ^ X 

-J{x)x - AVH{x) = 0. 


in XP 2 ) 


If is obvious fhaf v £ C°°(5'^,Pi x P 2 ). We firsf assume T = 0. Lef Uk ' —> Pi 

be the map induced from : 5^ —> Pi x P 2 by the projection onto the first factor. 
Then, 


Js2 

Now let Vk ■ Z —> Pi he the map induced from Uk in the cylinder. Since VH 
vanishes on Eq and Eoo, Uk is holomorphic in the neighbourhood of all z such that 
Ukiz) is close to Ep or E^. 

If (7) holds, we can use % : (- 00 , x S ^ ^ Pi and % : [ 5 ^, - 1 - 00 ) x S' —> Pi 
to construct maps 

gL -s^^Pi 

such that 


(mi,ai) ^ liminff X. te^oor^^il+liminff I 

^ 2<mi,ai>. 

Since (oji , ai) > 0, we have a contradiction. So we must have 

Ak^ Ae (0, Aoo - e'] c (0, Too) 




I 


J <- \* . 


and (7) still holds. 
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In the following, we will show that a is nonconstant. Arguing indirectly let us 
assume x = const £ Pi x P 2 . Denote by v|, the Pi-component of v^. If 



{vir oj, ^ 0, 


we have x = nio € Eq and £ Eg uniformly. Since = 0, this 

contradicts the definition of s^. Similarly, 



(y\)*ioi —> 0 


is also impossible. Therefore, we have for some r > 0 


( 8 ) 



^ T, 



^ T, 



{vlfcoi =<mi,ai>. 


Of course, since x converges to a constant xK by our assumption the 

first two integrals in (8) must be bounded below by < mi, ai > contradicting the 
equation 


X OO 

I (v^)*mi = (mi,ai). 

00 %Jo 


This shows that x has to be nonconstant. Eventually we have H{x{t)) £ {ho,hoo). 
This proves the theorem. □ 


5. Applications 

We will give some applications of Theorem 1.1 in this section. Note that given 
the standard complex structure i on CP^ any two different points determine up to 
Mdbius transformation a unique holomorphic sphere u. There is an embedding 
n : 5^ = C U { 00 } CP^ which is holomorphic. Let E* = {x] and E^ = {y}, 
where x, y are different points in u(S^). Then with ai = [«], where u{S^) is the 
holomorphic curve running through x and y we have 

r/(ai,/,E^,Ei) = [5M^[0]. 

We note here that i is a regular complex structure. Now let Pi = CP^, P 2 be a SGB 
symplectic manifold with [m2]|;r2(P2 ) = 0, Eq = {po}, Po e {x) x P 2 , Eoo - {y} x P 2 . 
As an application of Theorem 1.1, we get the following corollary: 

Corollary 5.1. Let Eq, Eoo, P 2 be as above, then any stable compact smooth hy¬ 
persurface 5^ in CP^ X P 2 separating Eq from Eoo possesses at least one periodic 
Hamiltonian trajectory. 
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It is well known that the standard cotangent bundles (T*N, ca) over closed man¬ 
ifolds N is SGB with [m]|n- 2 (r*A) = 0 (cf. [4], [15]). 

Liouville manifold {M,A) is a SGB symplectic manifold with = 0. 

Let us recall the definition of Liouville manifold now. A 1-form a on a manifold 
S is called a contact form for ^ := kera, if da is nondegenerate on In this 
case ^ is called a contact structure. A compact exact symplectic manifold with 
boundary (M, d) is called a Liouville domain, if (S := dM, a A\qm) is a contact 
submanifold. We know every Liouville domain carries a Liouville vector field X 
defined by lxoj - A, and the contact condition implies that X points outward at the 
boundary. We can paste the positive end of a symplectization (S x [0, oo), d{e^a)) 
along the boundary E. Then we obtain a complete Liouville manifold, which is 
denoted by (M, d). 

As in[l],[20], we introduce the following notation. 

Definition 5.2. A noncompact manifold M is said to be of finite topological type, if 
there is a compact domain Q. c M such that M\Clis dijfeoniorphic to dQ. X [1, oo). 

Actually, if M is a subset of a closed manifold or if M is of finite topological 
type the cotangent bundles {T*M,a>) with standard symplectic structure are geo¬ 
metrically bounded. This is first pointed out by Audin, Lalonde and Polterovich 
[2] P.286. Lu [15] also claimed the cotangent bundle of a finite topological type 
manifold with twisted symplectic structure is SGB and omit the proof. In the fol¬ 
lowing, we will give a proof of this for the completeness of our results. Our proof 
uses the idea of Proposition 2.2 in [4]. 

Proposition 5.3. Let M be a manifold of finite topological type, then the cotangent 
bundle {T*M, a>) with standard symplectic structure is SGB. 

Proof Since M is of finite topological type, we may assume there is a compact 
domain Q. c M such that M \ O is diffeomorphic to dQ. x [l,°o)- Assume the 
diffeomorphism is h : 50x[l, “) —> M\Q. Denote A = M\Q, A^ = /i(5nx[5, oo)), 
s^ dAs - h{dQ X ( 5 )). 

First we will define fhe Riemannian metric on T*M. Let (ft be the flow on 
T*M formed by fiberwise dilations by the factor e*. Choose a fiberwise convex 
hypersurface E c r*M|n, enclosing the compact domain Q. Note that E has contact 
type for a>. Let U be the closure of the unbounded part of the complement to 
E in T*M\ci. Then U = U(^o</’f(^)- On the closure of the bounded part of the 
complement to E in r*M|n, we can choose a compatible almost complex structure 
J. Let g be the Riemannian metric determined by co and J, i.e. g{-, •) = m(-, J-). 
(We also require that the radical vector is g-orthogonal to E.) Now we can extend 
these structures to U so that 

(9) ip*g ^ e‘g for t ^ 0, 

i.e. g, just as co, is homogeneous of degree one with respect to the dilations, and 

J O ((,Pj)* = {(fi),, o / 

Then the metric g, the almost complex structure J and the standard symplecture to 
are compatible on U. Hence are compatible on T*M\q. To define fhe Riemannian 
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metric on T*M\i^, let ips be the flow of the vector field ds on dQ. x [ 1 , oo), i.e. 
tps '■ dQ. X [1, oo) —> dQ X [1 + 5, oo) 

{x, sq) {x, 5o + .S'). 

Let ij/s = h o o h~^ : A —> Ai+i. Then there is a natural symplectomorphism 
which lifts ij/s (see [3] Chapter 2) 

: r*MU ^ 

(v,^) i-^((A^(v),(iA;^)*^). 

It is easy to see 

(10) po if, = (ft o ip 

Now extend those structures to r*M|A so that 

(11) {Ps0*g = g 

and 

J ° (<Ait|)* = (<A.stt)* ° J- 

We know the standard symplectic structure m also satisfies {ipspfo) - o). Then a),J, 
and g are compatible on r*M|A. Thus we get a compatible triple (at, J,g) on T*M. 
The metric g is obviously complete. Indeed, define 

I, := I U (U,^i(A,j(I n T*M\sci)) 

Ef := (ftC^e)- 

Identifying with Eg x [0, oo), the metric g has the form 

( 12 ) g{-,-) = e\g{dt,d,)dt^ + gk)((^r')*-> (^^r^)*') ° ^ 7 '- 

It is clear the integral curves (ft{x), for ? > 0 and x G Eg, are minimizing geodesics 
of g. The distance from x to (ft{x), L^it) = J^(e‘g(dt, dt))^dt, goes to oo as t ^ oo. 
Let 1^1 - ^2 1 be positive and small. Assume x € n Ejj and y e n 

E( 2 . If |t 2 - til ^ dist(x,y) —> oo. Let 7 ( 5 ) be a curve with -/(O) = x, y{l) = 

fQ. —1 

y. From (12), we have the length L(j(s)) of 7 ( 5 ) equals e ^ L{<ft^ {y{s))), where 
Li(p-\y{s))) is the length of (p-\y{s)). Thus we can get dist(r*M|aA,^, 
is determined by the compact parts of r*M|aA,j and T*M\d\^^. Thus 

dist(rMbA,,,rMu,,)>o. 

From equation (11), we know a curve y{t) from to T*M\g\^^ has the same 

length with the curve ips^{y{t)) from T*M|aA,+jj to T*M\g\^^^. is a symplecto¬ 
morphism. Thus we have 

dist(r*MbA,„,, = dist(r*M|M,,, rMU^). 

Therefore, every bounded subset of T*M is contained in a compact subset and is 
relatively compact. By Hopf-Rinow Theorem, this is equivalent to completeness. 

From the Lemma 1 in [ 6 ] and the definition of the metric (9), it follows that the 
sectional curvature of g goes to zero as x —> cxj in f/. Thus the sectional curvature 
of g is bounded from above on T*M\ci. From (11) we know the sectional curvature 
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of g on T*M\\ is determined by the sectional curvature of g on T*M\ci which is 
bounded from above. We get that the sectional curvature of g is bounded from 
above on T*M. 

Define E' T*M\gQ))). Let W, U' denote the closure 

of the bounded and unbounded part of the complement to E' in T*M\QDhidnx[i, 2 ]) 
respectively. Since W is compact, we know the injectivity radius of it is bounded 
away from zero. By Lemma 5.4, we know a curve jsix) through t e ^{ ~ 

U,^iEf, is a geodesic if and only if is a geodesic through for any 

0 < t < where foW is the real number such that e Eu A curve jtix) 

is a geodesic through t if and only if \]j~^{yt{x)) is a geodesic through 

il/~^{x), for any 0 < 5 < 5 'o(t), i'oCx) is the real number such that ^ T*M\q\^ . 

Thus if y{x) is a geodesic loop with small length L(y) through t e T*M\W, there is 
a geodesic loop y' in W with length L{y') < L{y). Combined with the completeness 
and the upper bound of sectional curvature, we know if the injectivity radius of 
metric g on T*M is not positive there is a geodesic loop y' in W with length as 
small as we want (Lemma 16 in [18] P.142). This contradicts to the fact that the 
injectivity radius on W is positive. Thus we have the injectivity radius of g is 
bounded away from zero on T*M. □ 


The calculus of the geodesics is given in the following lemma. 


Lemma 5.4. With the metric g and notations defined in Proposition 5.3, a curve 
yfix) through x e Ui,Ui = U^^iE^, is a geodesic if and only if is a 

geodesic through ip'^^{x), for any 0 < f < t^ix), where tQ{x) is the real number such 
that € El. A curve yfx) is a geodesic through x e T*MIa 3 if and only if 

2 7 

fi~^{yt(x)) is a geodesic through fi~^{x), for any 0 < 5 < 5'o(t), where 5'o(t) is the 
real number such that ip~^^{x) € T*M\gAj^. 

Proof We only give the proof of the first assertion here, since the second can be 
proved similarly. Let n : T*M —> M be the projection of the cotangent bundle. 
Assume x € U i such that k{x) e O. The metric is defined by {(ft)*g = e^g. Thus 
we have 

8 = 

gi-, •) = e^gii<p7\-,i<p7\-) ° ^~t^- 

Choose a local coordinate chart (V, cp) of M such that nix) € V and in~^iV), h') is a 
local trivialization of T*M, i.e. 


n~\V) ^VxR" ^ (fiiV) X R" 


is a local coordinate chart of .r in T*M. Let (t*, ..., T”,y‘, ...y”) be the local coordi¬ 
nates and denote 



i - 1,2, 



i - 1,2,..., n. 
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Let 


gij ^ g{di,dj), gij ^ gid-, dj), 
gij = Sidi, dj), g-i j = gidj, dj). 

Then 

/(§''■) (fe;) igu)y' 

{g‘j)l [(g-ij) (g-ijV ■ 

The Christoffel symbols corresponding to the Riemannian metric g is given by 

= \g''^idjgi^ + digj^ - d^gij) + ^g’^{djgf^ + digj^ - d^gij). 

The push forward of the vector fields can be given by 


Then we have 


Thus 


'dy 



'di 

dn 

(Id 

0 \ 

dn 

dl 

”*0 

X ' 

e-'Idj 

di 

^dpjj 





I (gij) igfj)\^l(e‘gij) 

Wij) (suV ■ I (gy) 





/(§'■'■) (g^ ^ ((e-'g‘^) (g'h \ -1 

W I (g^j) {e‘gy)l 


To get the relation of with T*. o ^, we need the following relation 


digjk = dig{dj,dk) 

= di[e‘g{((p;^)^dj, (.(pi^)*dk) o ip~^) 

= e\{digjk) o (p;^diitp;^y + (djgjk) o ipj^diiip;^)'] 
= e\digjk) oif-y 


Similarly, we have 

dig]k = (dig-jk) ° digjk = (digjk) ° 

d-igjk = (digjk) o digjk = e~\digjk) o (p~\ 

djg-jk ^ e-\d-igjk) o^-\ djgjk - e-\d-igjk) ° ^r‘ - 
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The Christoffel symbols T^. and T*. o (p^ ^ have the following relation 


rf/- =:^g’^i.djgip + digj^ - d^gij) + ^g'^Hdjgf^ + dig - d-^gij) 

° ° + e\digj^) o - e\d^gij) o 

+ ° ^'i\idjgq) o + (digj^) o - (d^gij) o 

o 9'^\(djgi^) o + idigj^) o ^7' - {d^gij) o 
+ Ig’"'^ ° ‘P 7 \(djgi^) o + (digj^) o - (d^gij) o 




Similarly, we have 


Y^k yJT^k _ _— 1 Y^k ^~tY^k _ 1 

= ^ ^-ij = e r. .o^^ 

= g-'rt o ^71, rl = rl o 
ri = riop;\ ri = o 

ij i] ij tj 

Yl. = e-'Yl.op-^. 

Now suppose Ysix) is a curve through x. In local coordinates jsix) is given by 
Ysix) = (y^is),... ,y"is),y\s),... ,y^is)). 

Then p~'^{ys{x)) is given by 

97^ {y six)) ^ (y^(s),.. .,y'’(s),e~y(s),.. .,e~Y’(s)). 

Equation of geodesics in the local coordinates 

^V , .idy'dyY,. _,dyUy^ 


ds 


+ Y ° Y'Y-Y- + r-,. o p-^e-^Y-Y- 


ds ds 


ds ds 


+ rt o fi' + rt o 

ds ds 'j ds ds 


dY ^ dy dyj ^ dy' dyJ ^ dy dyJ ^ df dyi 
ds ds ds d ds ds d ds ds d ds ds 


- 0 . 


We know ys{x) is a geodesic if and only if *( 7 ^( 71 :)) is a geodesic. 




18 


YANQIAO DING & JIANXUN HU' 


Now if A e U^ such that n{x) e A, we can prove the first assertion in a similar 
way. Indeed, from equation (10) we know 

(<A4)V*g = 

^*tg ^ e^g, 

g ^ e^(<fi7^)*g- 


□ 


From Corollary 5.1 and Proposition 5.3, it is easy to get Corollary 1.3 
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